In this paper, I propose a general framework for understanding renormalization by drawing on the distinction between effective and continuum Quantum Field Theories (QFTs), and offer a comprehensive account of perturbative renormalization on this basis. My central claim is that the effective approach to renormalization provides a more physically perspicuous, conceptually coherent and widely applicable framework to construct perturbative QFTs than the continuum approach. I also show how a careful comparison between the two approaches: (i) helps to dispel the mystery surrounding the success of the renormalization procedure; (ii) clarifies the various notions of renormalizability; and (iii) gives reasons to temper Butterfield and Bouatta's claim that some continuum QFTs are ripe for metaphysical inquiry (Butterfield and Bouatta, 2014) .
Introduction
Renormalization is one of those great success stories in physics that fly in the face of philosophers' ideals of scientific methodology. Quantum Field Theories (QFTs) have been known to be plagued by mathematical infinities since the 1930s and it was only in the late 1940s that physicists had their first significant victory by developing appropriate renormalization techniques. It could have been hoped that they would eventually construct a realistic QFT from first principles without using these techniques; but even after seventy years, this has not been the case. Our best QFTs are still constructed by means of conceptually odd and ad hoc renormalization techniques. One notable example is to isolate and cancel infinite quantities by shifting the dimension of space-time by some infinitesimal amount. Another one is to simply impose some arbitrary restriction on the range of distance scales of the theory.
Among the philosophers who take the formulation of QFT most widely adopted by physicists seriously, it has become standard to appeal to the Renormalization Group (RG) theory in order to explain the unlikely success of renormalization. For instance, Huggett and Weingard (1995, sec. 2) emphasize that the RG provides the appropriate tools for identifying the class of well-defined continuum QFTs and dispels the interpretative worries related to cancellations of infinities in perturbation theory. To give another example, although with a different understanding of QFT this time, Wallace (2006, pp. 48-50; 2011, sec. 4 ) relies on RG-based considerations to dispel the interpretative worries related to the crude and arbitrary implementation of a physically meaningful cut-off.
Those philosophers are right to emphasize the role and the importance of the RG in contemporary physics. But there are reasons to be dissatisfied. Of central importance is the failure to appreciate the existence of conceptually distinct modern formulations of renormalization, RG included. Consider for instance Huggett and Weingard's attempt at clarifying renormalization in the case of continuum QFTs. If by 'RG' they mean the Gell-Mann & Low RG, then their account does not really dissolve the methodological worries that physicists had in the 1940s. The delicate fine-tuning of theories in the infinite cut-off limit is nothing but the old-fashioned cancellation of infinities in a different guise. On the other hand, if by 'RG' they mean the Wilsonian RG, then their account does not properly deal with continuum QFTs. At least as we traditionally understand it, the Wilsonian RG is built on the idea of integrating out high energy degrees of freedom and restricting the applicability of the resulting theories to sufficiently large distance scales (e.g., Weinberg, 1995, sec. 12.4; Schwartz, 2013, chap. 23) .
To give another example, Cao and Schweber (1993) somewhat overstate the triumph of the modern Wilsonian renormalization programme. Many renormalization techniques conceptually akin to the approach of the late 1940s are still the "industry standard" in high energy physics, as Hollowood (2013, p. 3) felicitously puts it. These techniques include modern regularization methods such as dimensional regularization in standard QFTs and regularization by dimensional reduction in supersymmetric QFTs. More importantly perhaps, the Wilsonian RG does not fully dispel the traditional mathematical, conceptual and methodological worries associated with renormalization. With regard to methodology, for instance, one might be concerned about the infinite number of independent parameters typically required to compensate for the uncertainty associated with the exact value of a physically meaningful cut-off.
The main goal of this paper is to offer a more accurate and systematic way of understanding the overall conceptual structure of renormalization. For this purpose, I will distinguish between the "effective" and the "continuum" approach to renormalization and show that all the important features of perturbative renormalization can be understood along this distinction. The idea is simple: current working QFTs in high energy physics are understood and formulated either as continuum QFTs or as effective QFTs, and each of these two types of QFTs is associated with a specific methodology of theory-construction-or at least, given the diversity of renormalization techniques, each of them is most conceptually consistent with a specific methodology. In the effective approach, the domain of applicability of the theory is restricted by a physically meaningful short distance scale and the structure of the theory adjusted by including the appropriate sensitivity to the physics beyond this scale. Here, the goal is to focus on the appropriate low energy degrees of freedom. In the continuum approach, the theory is defined across all dis-tance scales and its structure adjusted according to the physical scale of interest. Here, the goal is to define a putatively fundamental QFT and resist the suggestion that realistic QFTs are ultimately to be understood and formulated as phenomenological theories restricted to some limited range of distance scales.
The central claim of this paper is that the effective approach provides a more physically perspicuous, conceptually coherent and widely applicable framework to construct perturbative QFTs than the continuum approach. I will defend this claim by showing, in detail, how the steps underlying the perturbative construction of an effective QFT are physically justified and how the resulting parts of the theory are physically meaningful, unambiguously characterized and coherently related to one another-and this independently of the particular local QFT considered. And I will show how a careful comparison between the two approaches: (i) helps to dispel the mystery surrounding the success of the renormalization procedure discussed early on (e.g., Teller, 1988 Teller, , 1989 Weingard, 1995, 1996) but never fully dispelled in my sense, not even in the most recent literature (e.g., Butterfield and Bouatta, 2015; Crowther and Linnemann, 2017; Fraser J., 2017; ; (ii) helps to clarify the various notions of renormalizability; and (iii) gives reasons to temper Butterfield and Bouatta's claim that some continuum QFTs are ripe for metaphysical inquiry (Butterfield and Bouatta, 2014; Butterfield, 2014) .
The paper is organized as follows. Section 2 introduces the QFT framework and the problem of ultraviolet divergences. Section 3 compares the effective and the continuum approach to the renormalization procedure. Section 4 disentangles the effective and continuum notions of perturbative renormalizability. Sections 5 and 6 briefly compare the effective and the continuum approach to the RG and clarify the scope of the continuum approach. 1 Section 7 examines the implications of the discussion in sections 3-6 for Butterfield and Bouatta's defense of continuum QFTs.
Three important clarifications before I begin. First, I do not think that the methodological superiority of the effective approach to renormalization offers a sufficient reason to take effective QFTs to be the correct way of understanding QFTs. It is a good step forward. But it needs to be supplemented with a careful analysis of the theoretical virtues of effective QFTs, and this goes beyond the scope of the present paper. Second, I do not mean to claim that the distinction between the effective and the continuum approach is absolutely perfect and exhaustive. All I aim to capture is a set of salient conceptual differences that do not reduce to mere practical differences (e.g., computational simplicity and efficiency). Third, unless otherwise indicated, I will follow Butterfield (2014, pp. 30-31) and understand 'theory' in its specific sense throughout the paper, that is to say as given by a particular action, a Lagrangian or a Hamiltonian.
Relativistic QFT and the Problem of Ultraviolet Divergences
Relativistic Quantum Field Theory (QFT) is the mathematical framework developed by physicists since the late 1920s to extend the tools of quantum mechanics to classical electromagnetism (and more) and to overcome the failure of quantum mechanics to account (among other phenomena) for the creation and annihilation of particles observed in decay experiments.
As its name suggests, a QFT describes the quantum analogue of classical fields, and the simplest way to think about a quantum field is to treat it as a continuous physical system composed of one individual quantum system at each space-time point. Each individual quantum system is associated with at least one independent variable quantity (a "degree of freedom") determining the set of its possible states, and the possible states of the quantum field over space-time are obtained by combining the state spaces of these individual quantum systems together. From there, things work exactly as in quantum mechanics. A sum of states of the field (a "state superposition") also defines a possible state of the field. Each state of the field is associated with a possible configuration or "history" of the field specifying a set of values that the field can take over space-time: for instance, one real number φ(x) at each space-time point for a simple scalar field. The probability for the quantum field to be found in the configuration state |φ(x) is given by the absolute square value of the wave functional ψ[φ(x)] (assuming that we could measure the whole state of the field). And the possible energy excitation states of the field are obtained by representing the possible configuration states of the field in momentum space. One odd thing, however, is that in this picture, a "particle" corresponds to a localized pattern of energy excitations.
Quantum fields are also dynamical physical systems. They vary smoothly over space-time and interact locally at space-time points with other fields and often with themselves too. Physicists typically describe the dynamics of fields by a Lagrangian functional density L and the strength of interactions by coupling parameters g i . I will take the φ 4 -theory as my main example in what follows:
with φ(x) an arbitrary field configuration of a scalar field, m a mass parameter, and λ a quartic self-interaction coupling (using the Euclidean metric for simplicity Finally, the correlations between the states of the field at n different space-time points are given by n-point correlation functions φ(x 1 )...φ(x n ) . Roughly speaking, these correlation functions tell us the degree to which the different "parts" of the field are sensitive to one another, i.e., here, the probability (once these functions are squared) that the field is found in a certain state at some space-time points x 1 , ..., x k given its state at other space-time points x k+1 , ..., x n (1 ≤ k ≤ n−1). We compute empirical predictions-say, about the probability that two incoming particles decay into two outgoing particles-by calculating the absolute square value of the scattering amplitude Γ between the appropriate asymptotic particle states of the field, with Γ obtained by taking into account all the possible correlations between these states. These are the basic tools to define and test any QFT. Unfortunately, we face two immediate problems with this "naive" schematic construction if we want to make predictions. The least severe is that realistic QFTs are highly non-linear interacting theories and therefore not exactly solvable by current mathematical means. We can still work out approximate solutions and predictions thanks to perturbation theory: provided the (dimensionless) couplings are small (e.g., λ 1), scattering amplitudes can be expanded perturbatively as follows:
where each sub-amplitude λ n Γ n represents field correlations between the incoming and outgoing particles given n possible interaction points. 3 The most severe, the so-called problem of "ultraviolet" (UV) divergences, is that a large majority of the sub-amplitudes Γ n actually diverge when we attempt to compute them. 4 This is clearly a disaster (at least at this stage) since it means that most empirical predictions in QFT are infinite. If we keep all the other assumptions of the theory in place (e.g., four space-time dimensions and standard types of fields, symmetries and interactions), the problem naturally originates from what is known as the continuum assumption:
Continuum assumption: For any extended region of spacetime no matter how small, quantum fields have infinitely many interacting degrees of freedom.
In practice, the continuum assumption forces us to take into account correlations over arbitrarily short distances (or, equivalently, over arbi-3 Here one might worry about two things. First, one should be wary not to interpret too quickly these perturbative terms as representing distinct real sub-processes (the so-called "virtual processes") since they might be interpreted as mere mathematical artifacts of the decomposition of Γ. Let me briefly offer one reason to resist this worry: as we will see shortly, the renormalized coupling λ is a function of an arbitrary mass scale Λ which can be interpreted as the experimental energy E at which we probe the system. Since each λ n (E)Γn(E) does not vary with the same rate with respect to E, we can evaluate them separately by making successive measurements at different experimental energy scales E. If this succeeds, each term receives independent empirical confirmation. Second, the perturbative series diverges in realistic cases for arbitrarily small but non-zero λ (see Helling, 2012 , pp. 1-13, and Duncan, 2012 , chap. 11, for more details, and Miller, 2016 , for a philosophical discussion). I will ignore this problem too.
4 I will leave aside the problem of low energy or "infrared" (IR) divergences.
trarily high energies) when calculating a correlation function between any two states of the field. Consider for instance the scattering amplitude Γ(p 1 , .., p 4 ) in φ 4 -theory describing the scattering event of two incoming particles decaying into two outgoing particles. Then, for example, the second order perturbative term λ 2 Γ 2 describes a specific set of correlations which diverge logarithmically in the high energy domain of integration:
with k a momentum variable. So the problem is that we have to take into account the correlations of the field over arbitrarily short distances and that the values of these correlations are small but sufficiently important once summed up to make Γ n diverge. 5 What does it mean physically? To give a rough analogy, it is as if two distinct macroscopic parts of a table were sensitive enough to the individual particles constituting the table for the slightest movement of a particle to significantly affect on average the distance between these two parts. The sensitivity is even more dramatic in the present case. The theory is not just empirically inadequate but also inconsistent as it predicts measurement outcomes with infinite probability (i.e., here, |Γ(p 1 , .., p 4 )| 2 diverges).
The claim that the problem of UV divergences originates from the continuum assumption is in fact controversial, and physicists have come up with three main types of responses which I will respectively call the "continuum", the "effective" and the "axiomatic" approach to the problem of UV divergences. According to the continuum approach, the problem arises because we are not working with the correct type of QFT or because we have not appropriately parametrized the QFT at hand in the first place. The hope is that the continuum assumption holds for a specific class of QFTs and that all that needs to be done is to sensibly fine-tune their parameters with the tools of renormalization theory. According to the effective approach, the problem arises because the continuum assumption is false. The solution is to impose explicit restrictions on the domain of energy scales of QFTs and adjust the sensitivity to high energy phenomena with the tools of renormalization theory. 6 According to the axiomatic approach, the problem arises because the mathematical structure of the QFT framework is ill-defined in the first place. The solution is to develop a rigorous mathematical formulation of QFTs with explicitly stated axioms-so that, if anything goes wrong, we can at least clearly identify the origin of the problem. 7 5 Note that the problem does not arise in the case of non-interacting theories since there is no non-trivial correlation between distinct states in this case (i.e., Γn = 0 for n ≥ 1). Note as well that in typical interacting QFTs, some contributions to the perturbative expansion are finite (e.g., box diagram integrals).
6 Here I will ignore the specific technicalities of Effective Field Theories (EFTs) and lattice QFTs and regroup them under the category of effective QFTs together with cut-off QFTs (see, e.g., Bain, 2013; Williams, 2015; Franklin, 2018 for recent philosophical discussions about effective theories). Note, however, that lattice QFT is often understood as a specific non-perturbative regularization framework and, in this context, the goal is usually to take the continuum limit.
7 In this context, the problem of UV divergences is usually associated with the fact that the product of distributions at a point is ill-defined (see, e.g., Steinmann, The crucial point is that physicists have only been able to formulate empirically successful and realistic QFTs by making extensive-if not indispensable-use of renormalization theory. It is beyond the scope of this paper to examine the axiomatic approach, but it is worth noting here that, even after seven decades, there has not yet been any finite, exact and mathematically rigorous formulation of a realistic continuum QFT in four dimensional space-time. If we want to understand the structure of our current best theories, a natural starting point is to look carefully at the details of renormalization.
Before delving into the details, it is instructive to start with the general idea of renormalization. Originally, renormalization was introduced as a set of techniques in high energy physics to isolate the divergent parts of scattering amplitudes and make them disappear from the final predictions by absorbing them into the formal expression of the couplings of the theory. In practice, the mathematical trick works because we never directly measure the value of couplings and we can already see a similar trick at work in the simpler and more vivid case of classical electromagnetism.
Consider for instance the standard example of an electrostatic field produced by an infinitely long and straight wire with uniform charge density λ (per unit length), lying along the z axis of a three dimensional Euclidean space. The measurable value of the field at some distance r > 0 from the wire in the xy plane orthogonal to the z direction is finite (E ∝ λ/r). In contrast, the potential V (r) obtained by summing up the contributions from each infinitesimal part of the wire diverges logarithmically (V (r) ∝ λ +∞ −∞ dz/ √ z 2 + r 2 ). But since we only measure differences in the values of the potential (e.g., the field E(x) = − ∇V (x)), it makes no physical difference to subtract or add some infinite quantity in the formal expression of the potential and work with the resulting finite "renormalized" expression. One way to make this precise and well-defined is to limit ourselves to a finite portion of the wire of arbi-
r) leaves us with the finite function −λ ln(r/L)/2π and a finite residue depending on L 0 which vanishes if we take L 0 to infinity. The resulting renormalized expression of the potential is given by
More generally, the term 'renormalization' designates a set of techniques used to transform the kinetic and the interacting structure of theories. On the more practical side, one finds (among others) the renormalization procedure where the main goal is to generate finite and accurate predictions. On the more theoretical side, one finds the Renormalization Group (RG) theory where the main goal is to analyze the scale-dependent structure of QFTs. As we will see in section 5, it is also 2000, p. 73) . The axiomatic criterion of rigor typically demands that the theory satisfies Wightman's axioms (equivalently, Osterwalder-Schrader axioms) or HaagKastler axioms. For instance, the former includes assumptions of relativistic quantum theory, locally smeared fields, micro-causality, cyclicity and the existence of a unique vacuum state (see Streater and Wightman, 2000) . And these axioms are usually considered to be significant to the extent that they are satisfied by toy-model theories.
useful to distinguish between perturbative and non-perturbative renormalization methods, even if renormalization theory is, in large part, a set of techniques specified and used in the context of perturbation theory. 8 And, finally, other areas in physics have specific renormalization techniques that I will not discuss here, such as: (i) the discretized versions of the RG in condensed matter physics and (ii) the holographic RG in the context of gauge/gravity dualities.
3 Understanding the Renormalization Procedure I argue in this section that the effective approach to renormalization offers a more physically perspicuous and conceptually coherent framework for constructing perturbative QFTs. By 'physically perspicuous' and 'conceptually coherent', I mean that the steps involved in the perturbative construction of the theory are physically justified, that the parts of the theory have a clear physical meaning and that they are coherently related to one another. I will focus on the renormalization procedure since the main differences between the two approaches are most clearly visible at this level. The upshot is, I believe, considerable: the contrast helps dissolve the much-discussed mystery of renormalization, i.e., the issue of explaining the unlikely success of the renormalization procedure (e.g., Teller, 1988; Huggett and Weingard, 1995; 1996; Fraser J., 2017) . Here, again, I should emphasize that there are many different ways to implement the renormalization procedure. I will present the steps that are most conceptually consistent with the appropriate type of perturbative QFT in each case.
The Effective Approach
The effective approach to the renormalization procedure is a two-step maneuver.
(i) One first regularizes the divergent sub-amplitudes Γ n by introducing a limiting high energy scale Λ 0 , called the "cut-off" or "regulator". If we look at Eq. 3 and disregard potential trouble in the IR (i.e., k → 0),
is now a mathematically well-defined and manipulable finite quantity. But one might worry about the arbitrary choice of cut-off. A sharp cut-off separates low energy and high energy scales in a crude way, and we do not have enough information at this stage to decide whether an exponentially decreasing cut-off (e.g.,
or what have you is the appropriate regulator.
(ii) The renormalization step compensates for this lack of constraint: one renormalizes the sub-amplitudes Γ n (Λ 0 ) by analyzing the relevant sensitivity to high energies and absorbing it into the couplings. The best way of implementing this idea is to include contributions to Γ n from a specific layer of energy scales [Λ, Λ 0 ] into a low energy theory defined only up to Λ. Call the initial regularized theory the "bare" theory L 0 (Λ 0 ) and its parameters the "bare" parameters λ 0 and m 0 . The cut-off scale Λ 0 is the physical scale at which the theory is believed to become inapplicable and the "renormalization scale" Λ is the energy scale specifying the physics of interest, with Λ Λ 0 . In the example above, the contribution from [Λ, Λ 0 ] is equal to
assuming that the bare parameters are small (λ 0 , m 0 /Λ 1). 9 The essential point now is that we can simulate the effect of this high energy contribution in the expression of the bare theory L 0 (Λ) restricted to the energy scale Λ (see Fig. 1 ). 10 For that, we just need to include a new interaction term
Λ ). Given Eq. 1, this amounts to shifting the value of λ 0 to λ 0 + λ ct , i.e., to absorbing the contributions from [Λ, Λ 0 ] into the parameter of the theory L 0 (Λ). If we keep the details explicit and restrict ourselves to the second order, the new "renormalized" scattering amplitude derived from L 0 (Λ) + δL 0 (Λ, Λ 0 , λ 0 ) takes the form (cf. Eq. 2):
The renormalized effective theory L R (Λ) := L 0 (Λ) + δL 0 (Λ, Λ 0 , λ 0 ) defined up to Λ is obtained by defining "renormalized" parameters up to the relevant order in perturbation theory:
This calls for two comments. First, the regularization step violates the continuum assumption only if we take the cut-off to eliminate high energy states in the state space of the original theory. Note, however, that there is a difference between restricting the possible states of a quantum field and assuming that the quantum field is a discrete physical system composed of one individual quantum system at each point of a space-time lattice. One way to see this is to look at the following toy-model. Consider the infinite set of oscillating field configurations φ a (x) = exp(iax) parametrized by a > 0 over a one dimensional con- tinuous space and the corresponding infinite set of energy excitations
) obtained by Fourier transform. Suppose that the state space of the theory is reduced by multiplying the energy excitations by a step-function parametrized by a cut-off Λ 0 :
with θ(Λ 0 − k) = 1 if k ≤ Λ 0 and 0 otherwise. For a/2π ≤ Λ 0 (i.e., for sufficiently long wavelength oscillations), the function θ(Λ 0 −k) does not affect the value ofφ a,Λ 0 (k) and we obtain the original oscillating function φ a,Λ 0 (x) = exp(iax). Otherwise, φ a,Λ 0 (x) vanishes for a > 2πΛ 0 . So this toy-model shows that restricting the state space of the theory by a sharp high energy cut-off implies that the possible field configurations have a minimal periodicity pattern (of wavelength 1/Λ 0 here)-but it does not necessarily imply that the quantum field is discrete. To give a classical analogy, it is as if we had ignored all the possible little ripples of characteristic size smaller than 1/Λ 0 in the ocean and restricted ourselves to large enough waves in order to evaluate the correlations between the oscillations of two corks floating at some macroscopic distance 1/Λ from each other. Second, the specific counter-term δL 0 leaves the theory empirically invariant, in the sense that
generate the same scattering amplitudes. The high energy contributions to Γ(Λ 0 ) are just parceled out among the lower order terms of Γ R (Λ) (see Eq. 5). Had we chosen a different counter-term, say, δL 0 (Λ, Λ 0 , λ 0 ) + C with C some finite quantity, the original and modified renormalized theories would still be empirically equivalent since we only measure variations of the same renormalized scattering amplitude at different energies (e.g., Γ R (E ) − Γ R (E) ∝ ln(E /E)). 11 So the renormalization step is really a matter of reformulating the regularized theory L 0 (Λ 0 ) in an epistemically safer way, i.e., around the scales Λ Λ 0 where we can trust its physical content. Inversely, if we fix the value of the renormalized pa-rameters at some specific scale, Eqs. 5 and 6 show that variations in the value of the cut-off Λ 0 can be absorbed by adjusting the value of the bare parameters, at least for a finite range of energy scales.
The Continuum Approach
Let us now turn to the continuum approach. It is standard in this case too to impose a regulator and split the initial regulator-dependent bare Lagrangian into a renormalized and a counter-term Lagrangian. 12 I will proceed somewhat differently by subtracting counter-terms to the physical Lagrangian. The two methods are equivalent and, most importantly, the conclusion that the continuum approach is physically ambiguous and conceptually incoherent remains the same whether we use one method or the other. The main reason for choosing the second method is that it makes the conceptual differences between the effective and the continuum approach more explicit and allows us to follow more closely the original motivation of the continuum approach.
The natural starting point, then, is to think that the original theory L in Eq. 1 corresponds to the physical theory and that its parameters are fixed by experiments. Upon finding that L yields divergent amplitudes, we introduce a cut-off Λ 0 (regularization) and the goal of the renormalization procedure under the continuum approach is to eliminate the problematic Λ 0 -dependent terms and take Λ 0 → ∞ at the end. So, contrary to the effective approach, the physical theory of interest is the regularized theory L(Λ 0 ) with fixed physical parameters λ and m and not a low energy effective theory defined only up to Λ. Likewise, the problematic Λ 0 -dependent terms derived from L(Λ 0 ) are cancelled by adding counter-terms to that theory and not by adding them to some low energy theory L 0 (Λ) as defined above. This means that the counter-terms depend on λ instead of λ 0 and that the bare
, defined up to Λ 0 as well, is an intermediary construct under the continuum approach (see Fig. 2 ). 13 Finally, the parameter Λ is an arbitrary mass scale introduced to ensure that the physical expressions in the theory have a correct physical dimension, and it parametrizes the particular choice of counter-term: e.g., δL(Λ, Λ 0 , λ) = δL(Λ , Λ 0 , λ) + C for C some finite quantity and Λ a new definition of the arbitrary mass scale. I will label the renormalization scale µ instead of Λ in the continuum approach in order to keep track of the difference of interpretation.
Once all the divergent terms have been removed up to some order n in the original expression of Γ, we can stop the renormalization procedure and safely take the limit Λ 0 → ∞ in the renormalized expression of Γ. By assumption, the value of the physical parameters λ and m is fixed (e.g., to their experimental value measured at some energy scale E). So, by taking the limit Λ 0 → ∞, we are required to take the limit of the bare parameters too. In our example, λ 0 diverges:
In principle, the original scattering amplitude Γ can be made finite at any order by repeating the procedure. And if we know the experimental values of λ and m at the scale E, we can directly compute the quantum corrections obtained at some higher energy scale E .
Complications arise once we realize that the formal expression of the finite renormalized scattering amplitude Γ R still depends on the arbitrary value of the mass scale µ. Since this amplitude is supposed to be a physical amplitude, we have to assume that its formal expression does not depend on some arbitrary choice of µ. This has interesting consequences. 14 First, the value of the bare parameters does not depend on µ while the value of the original parameters depends on µ, as it can be easily seen from the expression of Γ R :
This means that the original theory is a particular case of a more general renormalized theory L R (µ), defined in terms of renormalized parameters λ(µ) and m(µ). Second, in the absence of experimental measurement, we can give an explicit perturbative definition of the renormalized parameters by redefining them order by order in terms of the "fixed" (i.e., µ-independent) bare parameters (i.e.,
. As a result, the general renormalized theory is defined perturbatively by fine-tuning the expression of the Λ 0 -dependent bare theory with the help of counter-terms:
Note that the correction δL takes the form of the original counter-term as defined in the effective approach in this simple case. Let me make one crucial comment. The finite renormalized amplitude Γ R := lim Λ 0 →∞ (Γ − Γ ct ) obtained by subtracting the appropriate Λ 0 -dependent terms Γ ct in the original expansion Γ is derived from the expression of the bare Lagrangian L 0 (Λ 0 ). 15 Both the original and the general renormalized theory yield divergent amplitudes Γ(Λ 0 , λ) and Γ(Λ 0 , λ(µ)) in the limit Λ 0 → ∞ if we do not restrict the state space of the theory. Similarly, in the method where the bare Lagrangian is split into a renormalized and a counter-term Lagrangian, the finite renormalized amplitude is derived from the initial bare Lagrangian with the wrong parameters, and the physical renormalized theory yields divergent amplitudes in the limit Λ 0 → ∞.
Comparing the Effective and the Continuum Approach
Let me now explain why the effective approach offers a more physically perspicuous and conceptually coherent formulation of renormalization. To begin with, in the somewhat naive approach taken so far, the bare theory of most QFTs makes no physical sense under the continuum approach. The reason is that most QFTs, including Quantum Chromodynamics (QCD) and Quantum Electrodynamics (QED), are plagued with UV divergences and these divergences are cancelled by choosing the bare couplings to diverge exactly in the same way. Even in QCD, the naive perturbative expression of the bare coupling parameter between quarks and gluons takes the form of a series in the physical coupling parameter with increasingly divergent Λ 0 -dependent terms at each order (see, e.g., Collins, 2011, sec. 3.3) . So if we take the limit Λ 0 → ∞ at this level, the bare coupling diverges and the resulting bare Lagrangian is ill-defined (e.g., as in our example, lim Λ 0 →∞ λ 0 = ±∞). 16 This means that the bare theory used in the renormalization procedure under the continuum approach is nothing more than a physically meaningless intermediary mathematical tool to generate finite renormalized scattering amplitudes. Therefore, we cannot explain the empirical success of the renormalized amplitudes by pointing at their successful derivation by means of some more general law and additional conditions since the bare Lagrangian, i.e., what plays the role of the general law here, has no physical meaning. Appealing to the renormalized Lagrangian does not help either since it generates divergent amplitudes.
A somewhat less naive approach is to realize that the perturbative expression of the bare parameters does not depend on the renormalization scale µ. If we take µ = Λ 0 before taking the infinite cut-off limit, the bare parameters are equal to the renormalized parameters defined at the cut-off scale Λ 0 . As we will see in sections 5 and 6, the appropriate perturbative expression of the renormalized parameters is obtained by means of RG methods. And we will see that even from the perspective of the RG, it turns out that there are still many QFTs for which the bare parameters diverge. There are even QFTs for which it is impossible to take the infinite cut-off limit without affecting the expression of the renormalized parameters (because of the existence of a so-called "Landau pole", see section 6). At any rate, all of these cases leave us in exactly the same situation as above. But perhaps the continuum approach offers a physically perspicuous and conceptually coherent formulation of renormalization only in well-behaved cases (i.e., 0 ≤ lim Λ 0 →∞ λ 0 1). For instance, when we take µ = Λ 0 , the expression of the bare coupling in QCD converges to zero in the infinite cut-off limit and so the bare theory does not seem to be plagued with the same issues as the bare theory in the φ 4 -theory example.
Still, it turns out that the continuum approach faces important interpretative difficulties and suffers from severe conceptual ambiguities even in well-behaved cases. First, the renormalized theory yields divergent perturbative amplitudes if we do not restrict the state space of the theory. This should at the very least refrain us from taking this theory at face value too quickly (see section 7). Second, the conceptual status of counter-terms is ambiguous under the continuum approach, and this is independent of the value of the bare parameters. Recall that, whether we add the counter-terms to the original theory or obtain them by splitting the initial bare parameters into two pieces, the main role of the counter-terms is to make the original amplitude finite. We might attempt to clarify their conceptual status in two different ways. (i) Counter-terms correspond to surplus component parts of the bare theory which cancel out with other divergent parts of the bare theory when we calculate amplitudes. That is, by adding counter-terms to the physical theory, we simply re-arrange the structure of the bare theory in such a way that its superfluous divergent parts cancel each other.
(ii) Counter-terms correspond to scaling factors relating the parameters of the bare and physical theories. That is, by adding counter-terms to the physical theory, we simply reparametrize the original parameters in such a way that the resulting theory, i.e., the bare theory, yields finite predictions. In both cases, however, the counter-terms cancel out precisely because we choose the component parts of the bare theory or the scaling factors of the physical theory in such a way that they cancel the divergent parts of the original amplitudes. That is, in both cases, it seems difficult to escape the conclusion that counter-terms are introduced just for the purpose of canceling divergences, which makes the whole renormalization procedure look ad-hoc. Moreover, it is hard to see how one could possibly interpret the counter-terms in physical terms, including those relating the original field variable and the bare field variable (which I ignored for simplicity), and therefore to make sense of the relationship between the bare and the renormalized theory. The counter-terms are, as it were, intrinsically meaningless formal tools to derive finite predictions.
The contrast with the effective approach is striking. First, recall that on this approach, we start with the assumption that the bare theory breaks down at some physically meaningful scale Λ 0 . The structure of the theory may give us very good internal reasons to believe that it becomes inconsistent at some point beyond this scale, or we may have very good external reasons to believe that the theory starts to make empirically inaccurate predictions around this scale. Either way, we take the domain of applicability of the theory to be restricted by some limited range of energy scales. On this assumption, L 0 (Λ 0 ) is naturally interpreted as the most fundamental formulation of the theory, i.e., the theory defined up to the scale Λ 0 where it is supposed to break down. The renormalized theory L R is naturally interpreted as a more physically reliable low energy effective version of the bare theory. If we take Λ = Λ 0 , the physical renormalized theory L R (Λ) simply corresponds to the bare theory L 0 (Λ 0 ) for some appropriate choice of counter-terms. And insofar as Λ 0 is kept fixed, both theories yield finite predictions, are mathematically well-defined (at least according to physicists' standards), and even yield exactly the same scattering amplitudes if we choose the counter-terms appropriately. Second, the effective approach offers a physically salient interpretation of counter-terms: whether we fix the parameters of the bare theory or those of the renormalized theory, the counter-terms are naturally interpreted as standing for high energy effects described by the bare theory. Moreover, the introduction of counter-terms is physically justified on the grounds that the low energy scales are not completely insensitive to the high energy ones.
All of this should help to clarify the mystery surrounding the renormalization procedure discussed in the literature (e.g., Teller, 1988; Huggett and Weingard, 1995; 1996; Fraser J., 2017) . The mystery, if anything, is a mystery about the continuum approach: it arises because the meaning and the status of the bare theory, the renormalized theory, and the counter-terms are ambiguous, and because the method used for deriving the renormalized theory and the finite renormalized scattering amplitudes is physically unjustified. By contrast, the effective approach relies on well-specified physical concepts and offers a clear physical picture of inter-scale sensitivity. The effective approach also offers a better rationale for each step of the renormalization procedure: while there are good reasons to expect a physical theory to break down at short distances (regularization step), it does not mean that it automatically fails to provide physically relevant and empirically accurate descriptions at larger distances if the relevant sensitivity to short distances is taken into account (renormalization step). Now, the mystery surrounding the continuum approach is not as mysterious as it might seem, at least in this simple case. 17 It is a standard principle in physics that physical expressions must have the same physical dimension upon mathematical transformation for them to remain physically meaningful. This principle requires us to introduce the new arbitrary parameter µ with the introduction of the regulator Λ 0 (e.g., to use λ 2 ln(Λ 0 /µ) instead of λ 2 ln(Λ 0 ) as a counter-term). In this specific example, this principle also ensures that the arbitrary parameter µ captures exactly the sensitivity to high energies as parametrized by the regulator Λ 0 , as it can be seen from the expression of the counter-term. The continuum approach therefore successfully offers a measure of the sensitivity of the low energy physics to the high energy physics, and this is in fact all that is needed to explain the empirical success of the theory. Had we chosen a different counter-term, say, λ 2 ln(Λ 0 /µ) + C, with C some finite quantity, the same sensitivity would be captured by some appropriate redefinition of µ. Hence, even if the continuum approach offers a highly formalistic and instrumental framework, it remains at least possible to identify the reasons for its empirical success. Needless to say, the effective approach offers a more physically perspicuous and conceptually clear explanation.
Let me conclude this section by responding to two potential concerns. First, taking the limit Λ 0 → ∞ under the effective approach does not turn the situation around. Agreed, there is nothing problematic if the goal is to probe the mathematical structure of the theory, or if we add by hand a high energy cut-off afterwards. But, strictly speaking, taking the limit Λ 0 → ∞ is conceptually incoherent since the introduction of the cut-off Λ 0 is justified on the grounds that it marks the physical scale at which the theory is supposed to break down. Another option is that, by taking Λ 0 → ∞, we are actually making the approximation that the low energy physics is largely insensitive to the high energy physics beyond Λ 0 . But in this case, it is implicitly assumed that the theory is restricted to low energies and that it should not be used to make predictions at arbitrarily high energies.
Second, the distinction between the effective and the continuum approach does not crucially depend on the specific regularization method we choose and on the specific way we subtract divergences or absorb the appropriate sensitivity to high energies (although I will emphasize in section 5 that each approach is most conceptually consistent with its own specific type of regularization and renormalization method). In particular, the distinction between the effective and the continuum approach does not reduce to the distinction that Georgi (1992 Georgi ( , 1993 and Bain (2013) draw between Wilsonian and continuum EFTs. This distinction is mainly based on whether the split between the low energy and high energy physics depends on the mass parameter of the theory (see Georgi, 1993, sec. 1.2; Bain, 2013, sec. 4) . And continuum EFTs are called "continuum" because the most famous mass-independent regularization method, namely, dimensional regularization, does not eliminate high energy states in the state space of the theory. This, however, does not mean that continuum EFTs are meant to be used to make predictions across all energy scales. In particular, they are restricted by the energy scale characterizing the matching conditions. 4 (Perturbative) Renormalizability Yes... But Which One?
We have seen that the continuum approach to the renormalization procedure offers a highly formalistic and instrumental perturbative framework to derive consistent and empirically relevant predictions. It turns out that the situation is even worse for the continuum approach since the procedure only works at every order in perturbation theory for the restricted class of "perturbatively renormalizable" QFTs. After distinguishing between two distinct notions, one for the continuum approach and the other for the effective approach, I argue in this section that the continuum approach is all the less attractive as it fails to apply to a large number of successful and physically significant theories. We will see in sections 5 and 6 that the RG does not substantially affect this claim. First consider the continuum approach. Here the notion of perturbative renormalizability is best introduced by noting that the φ 4 -theory example used so far is extremely fortunate. All the divergent terms depending on positive powers of Λ 0 or log(Λ 0 ) that appear in the perturbative expansion of Γ(p 1 , .., p 4 ) can be absorbed by introducing counterterms that depend only on the coupling λ. All the finite terms depending on positive powers of 1/Λ 0 vanish as we take Λ 0 → ∞. More generally, all the divergences that appear in any sub-amplitude can be cancelled by using only λ and m in the φ 4 -theory. There are many theories, however, for which infinitely many new couplings need to be introducedthe 4-Fermi theory is one such example (see, e.g., Schwartz, 2013, chap. 22 )-and the difference between this example and the φ 4 -theory can be captured as follows:
A theory is perturbatively renormalizable iff we only need to introduce a finite number of independent couplings in order to eliminate divergences and define L R (µ) at any order in perturbation theory in the limit Λ 0 → ∞.
A theory is perturbatively non-renormalizable iff we need to introduce an infinite number of independent couplings. This characterization is of course somewhat superficial. According to Dyson's criterion, what makes a theory perturbatively non-renormalizable is that it contains at least one "non-renormalizable" individual interaction term, i.e., an interaction term parametrized by a coupling g i with strictly negative mass dimension ∆ i . 18 These types of interactions generate an infinite number of sub-amplitudes with an increasing degree of divergence, and each of the resulting types of divergent quantities usually requires the introduction of a new counter-term. In contrast, the socalled "renormalizable" (∆ i = 0) and "super-renormalizable" (∆ i > 0) interaction terms generate only a finite number of different types of divergences. 19 Having said that, perturbative non-renormalizability is 18 The mass dimension ∆ of a physical quantity is the power of that quantity expressed in terms of some energy variable (i.e., energy ∆ ) with natural units c = = 1. 19 The longer explanation is based on the so-called "power-counting" argument (e.g., not a dead end. In general, both perturbatively renormalizable and nonrenormalizable theories are "renormalizable" in the sense that the structure of the theory is such that it is possible to construct a counter-term to cancel any type of divergence at any order in perturbation theory. I will call this notion "renormalizability RT " to avoid confusion as it is sometimes referred to as the "Renormalization Theorem" (e.g., Osborn, 2016, sec. 4.3) . 20 We can even take the limit Λ 0 → ∞ in a number of expressions obtained from perturbatively non-renormalizable theories at each finite order in perturbation theory if the theory is not too exotic (i.e., if lim Λ 0 →∞ g 0 formally exists for each bare coupling g 0 given some fixed finite order in perturbation theory).
At first sight, it seems that the distinction between perturbatively renormalizable and non-renormalizable theories captures the amount of work needed in order to renormalize a theory-and the amount is of course infinite if we want to define the parameters of a non-renormalizable theory at every order in perturbation theory. In fact, the notion of perturbative renormalizability provides a much stronger criterion of theoryselection under the continuum approach. If the perturbative expression of a non-renormalizable theory is defined by introducing an infinite number of new parameters, it means that quantum corrections to scattering amplitudes depend on the specification of an infinite number of constants and that we therefore need an infinite number of experiments in order to fix their value. Since this is impossible in practice, the perturbative formulation of non-renormalizable theories obtained by applying the renormalization procedure at every order in perturbation theory turns out to be empirically useless. We should therefore restrict the class of empirically relevant theories to perturbatively renormalizable theories under the continuum approach.
So far, the analysis only applies to the continuum approach and one might wonder whether there is any equivalent notion of perturbative Weinberg, 1995, sec. 12.1) . A divergent integral I = ∞ dkk D−1 is characterized by the value of its superficial degree of divergence D (the integral diverges in the UV if D ≥ 0) and D can be expressed in terms of the mass dimensions ∆i of the interactions involved in the scattering process described by I: schematically, D = positive number− i ni∆i, with ni the number of times we need to use the interaction i to define the integral. Then, if there is at least one non-renormalizable interaction in the theory (∆i < 0), it is possible to find infinitely many different types of divergent integrals (D ≥ 0) by considering more and more complex sub-amplitudes at higher orders in the perturbative expansion. By contrast, D has a positive upper bound for (super-) renormalizable theories, i.e., there is only a finite number of different types of divergent integrals. Note, however, that the superficial degree of divergence is not always reliable: there are cases where D < 0 and the integral diverges (notably because of the so-called "sub-divergence" problem), and cases where D ≥ 0 and the integral is finite (usually the divergence cancels because of symmetry constraints). Perturbatively renormalizable theories are sometimes called "renormalizable in the power-counting sense" or "renormalizable in Dyson's sense".
20 In contrast, the term 'non-renormalization theorem' usually refers to a specific result to the effect that a parameter or an interaction term does not need to be renormalized at all at any order in perturbation theory, as it is common in supersymmetric QFTs (see, e.g., Weinberg, 2000, sec. 27.6 ). Of course, in practice, the interesting question is whether a theory is renormalizableRT given a set of constraints imposed on the construction of counter-terms (e.g., that they leave the resulting Lagrangian invariant under the action of a given symmetry group). renormalizability under the effective approach and, if so, whether it plays the same role. Let me suggest the following notion of "perturbative renormalizability E ", to be distinguished from the traditional notion and the notion of renormalizability RT :
A theory is perturbatively renormalizable E iff for any p ∈ Z, all the possible contributions to predictions up to order O((Λ/Λ 0 ) p ) obtained from L 0 (Λ 0 ) can be absorbed in L R (Λ) by introducing only a finite number of new parameters. (mutatis mutandis for perturbatively non-renormalizable E .)
The basic idea is the following: a theory is perturbatively renormalizable E if we can always simulate high energy effects up to a specific accuracy with only a finite number of couplings, and perturbatively nonrenormalizable E if we cannot. It is not entirely clear what perturbatively non-renormalizable E theories would look like. Presumably, these types of theories would have to include exotic interaction terms such that the contributions of these terms vary too rapidly between Λ 0 and Λ to be approximated by the contributions of a finite number of independent polynomial interaction terms in the field variables and their derivatives given some accuracy . For instance, we can imagine a theory with an exotic non-local interaction term including some non-analytic function F (φ(x), φ(y)) of field variables specified at distinct space-time points x and y such that the contributions of F vary too abruptly between Λ 0 and Λ to be approximated by the contributions of a finite number of independent polynomial interaction terms.
Be that as it may, the notion of perturbative renormalizability E is much less constraining than the traditional notion of perturbative renormalizability. Perturbative renormalizability E is satisfied if the interaction terms of the theory are local polynomials in the field variables and their derivatives and if the theory has a finite number of independent interaction terms with the same dimension ∆ i . Most crucially, the notion of perturbative renormalizability E does not prevent the theory from including non-renormalizable interaction terms. Quite the contrary: under the effective approach, we often need to introduce non-renormalizable terms into the effective theory if we want to absorb contributions in O((Λ/Λ 0 ) p ) (p > 0) obtained-say-from the renormalizable interaction terms of the bare theory. 21 There is no specific reason to worry about these contributions in the continuum approach since they cancel out in the limit Λ 0 → ∞. But to the extent that we keep the cut-off fixed, we usually need to include non-renormalizable terms in the effective theory if we want to maximize the match between the effective and the bare theory.
As a corollary, if we keep the cut-off fixed, perturbatively non-renormalizable theories remain perfectly predictive and empirically relevant. Typically, it is sufficient to consider interaction terms with dimension larger or 21 Lepage (1989, sec. 2. 3) provides a concise explanation of this pattern. If we consider again the superficial degree of divergence of integrals (see footnote 19), it is possible for any renormalizable interaction to generate infinitely different types of finite integrals with negative superficial degrees of divergences, i.e., with contributions in O((Λ/Λ0) p ) (p > 0). For some examples, see Schwartz (2013, chap. 21 ).
equal to ∆ = − ln( )/ ln(Λ/Λ 0 ) in order to make predictions at the energy scale Λ with accuracy (e.g., Georgi, 1993, p. 214) . The total number of interaction terms with ∆ ≥ ∆ is finite in standard QFTs and we can increase the empirical accuracy of the theory by adding non-renormalizable interaction terms with ∆ < ∆ (keeping in mind that the mass dimension of non-renormalizable interaction terms is negative). In general, the most empirically successful and physically informative version of an effective theory (the so-called "Wilsonian" effective Lagrangian) includes all the possible interaction terms compatible with the assumption of the theory-in particular, its symmetries. 22 To give an example, the effective Lagrangian L W generalizing the φ 4 -theory takes the following form:
Non-renormalizable interaction terms are those associated with the couplings g 2n with n ≥ 3, g 2n with n ≥ 2 and g 2n,2m with n, m ≥ 1 in this example. Perturbatively non-renormalizable theories have been much appraised in the recent physical and philosophical literature (e.g., Lepage, 1989; Cao and Schweber, 1993; Butterfield and Bouatta, 2015; Williams, 2018) . I do not have much to add here, except the following four important points. First, for any approach, the restriction to a finite number of independent couplings is necessary in practice if we want to make empirical predictions. Second, the effective approach provides a clear physical justification for the introduction of an infinite number of additional non-renormalizable interaction terms: they capture the full sensitivity of the low energy physics to high energies, even the most insignificant parts of it. Third, perturbative renormalizability remains a decisive criterion of theory-selection for the perturbative formulation of continuum theories insofar as it is possible to define (at least formally) perturbatively non-renormalizable theories at every order in perturbation theory in the Λ 0 → ∞ limit. Fourth, the notion of perturbative renormalizability E under the effective approach offers a highly inclusive criterion of theory-selection and, as far as I can tell, all the traditional perturbatively renormalizable and non-renormalizable QFTs are perturbatively renormalizable E . In a way, perturbative renormalizability E is as non-constraining as the notion of renormalizability RT discussed above (but less general, though). Now, it is a matter of fact that perturbatively non-renormalizable theories have proven to be extremely useful in deriving successful empirical predictions and describing physically relevant patterns at different energy scales, from low energy effective phenomenological models to extensions of QFTs beyond the Standard Model. This success, however, requires us to explicitly restrict the domain of applicability of these theories by means of some finite cut-off. For if we attempt to define the perturbative formulation of these theories across all scales and derive exact predictions without making any approximation, we will find that these theories lose their predictive power and empirical relevance. Of course, if we have empirical inputs and restrict ourselves to some finite order in perturbation theory, we may take the limit Λ 0 → ∞ at this order and use the perturbatively non-renormalizable theory to make predictions. For instance, if we know the value of the Fermi constant G F ∼ 10 −5 GeV −2 , we can use the 4-Fermi theory to make tree-level predictions. However, if we endorse the continuum approach and intend to renormalize theories at every order in perturbation theory, we will be forced to rule out a large class of empirically and physically relevant theories. And so insofar as we want to praise a framework for constructing perturbative QFTs that proves to be (sufficiently) universal, the effective approach looks more attractive than the continuum approach.
The Renormalization Group Theory
What has been at the center stage of the renormalization procedure so far is the attempt to address the problem of UV divergences:
(1) How can finite and accurate predictions be obtained if the original theory is inconsistent?
We have seen that in both the effective and the continuum approach, the introduction of an arbitrary mass scale Λ (or µ) is forced upon us if we want to derive the expression of renormalized quantities. The genius of the physicists who developed the Renormalization Group (RG) theory was to use this seemingly idle and arbitrary parameter as a lever to address the (new) questions:
(2) What is the scaling behavior of the theory?
(3) Does the theory make consistent predictions in the continuum limit?
The goal of this section is to show how the RG theory clarifies the notion of renormalizability and therefore complicates the argument of section 4. Of crucial importance is the possibility that a theory both includes nonrenormalizable interaction terms and makes consistent predictions in the continuum limit. At the same time, some perturbatively renormalizable theories such as the Standard Model of particle physics are likely to make inconsistent predictions at very high energies. This suggests that the scope of the continuum approach might not be as restricted as initially thought-and yet still restricted in important ways.
The Effective and the Continuum RG
What, exactly, is the RG? Strictly speaking, the RG refers to the structure of invariance of theories under rescaling by the renormalization scale Λ (or µ). It is helpful, though, to distinguish between three types of RG equations. First, at the level of theories, the RG describes how the path integral, the action and the Lagrangian transform under rescaling. In a way, the renormalization procedure already gives us a rudimentary RG transformation: e.g., in the effective approach,
Second, at the level of scattering amplitudes and correlation functions, the RG describes the specific trade-off between the kinetic and interacting parts of the theory required for the scattering amplitudes to remain invariant under rescaling. The so-called "Callan-Symanzik" equation for a N-particle amplitude with one renormalized coupling g is given by:
where β(g) = Λ ∂g ∂Λ is the "beta-function" of the coupling g and γ φ is the "anomalous dimension" of the field. Eq. 12 describes how much we need to shift the value of the coupling (β ∂ ∂g ) and the size of the field configurations (N γ φ ) in order to absorb an infinitesimal rescaling (Λ ∂ ∂Λ ) and leave the amplitude Γ R invariant. Third, at the level of couplings and local operators, the RG describes how the strength of an interaction varies across scales in accordance with the sign of its beta-function. For instance, the quartic interaction in the φ 4 -theory becomes increasingly strong at high energies:
Note, however, that this perturbative RG equation remains only valid for λ R 1. The effective (or Wilsonian) RG and the continuum (or Gell-Mann & Low) RG have a relatively similar formal structure overall. But again, there are significant conceptual differences between the two. 23 Most crucially, the effective renormalized theory is obtained by integrating out high energy field configurations in the path integral, while the continuum renormalized theory is obtained by fine-tuning the expression of the bare theory. Schematically, Effective theory:
Continuum theory:
with the same conventions as before (φ <Λ refers to field configurations with energy lower than Λ). The effective RG transformation obtained by decreasing Λ is irreversible since it eliminates high energy degrees of freedom, while the continuum RG transformation obtained by varying µ is reversible since it merely amounts to subtracting or adding some finite quantity in the action (i.e., to imposing a different renormalization condition). 24 Next, the most conceptually consistent interpretation of the cut-off and of the renormalization scale is not the same in the two cases. In the effective approach, the idea of integrating out all the high energy degrees of freedom makes sense only if we use a sharp cut-off (e.g., a lattice or a momentum cut-off). If we use a smooth cut-off, the path integral measure is still defined by summing over arbitrarily high energy states. Similarly, if we have good reasons to think that the high energy states close to the sharp cut-off Λ 0 misrepresent, in some way or another, the correct state of matter, we should make sure that we exclude them. One conceptually simple and clear way of ignoring these high energy states is to integrate out all the high energy degrees of freedom between Λ and Λ 0 . In contrast, the continuum approach is based on the idea that all the degrees of freedom in the original theory L are relevant in some respect. One way of making sure that the continuum assumption holds is to use a regularization method that gives weight to the physical states of interest without eliminating the others. In the method of dimensional regularization, for instance, the divergences are analyzed by shifting the dimension of space-time by ± , and the state space of the theory is smoothly distorted in the UV in a way that keeps all the possible energy states but significantly lowers the weight of the states above the scale µ. 25 Agreed, one important lesson of the modern understanding of renormalization is that the specific value of the cut-off and the specific details of the regularization method do not really matter. They can always be absorbed in the formal expression of the renormalized parameters and, overall, the predictions obtained with different regularization methods are empirically equivalent. 26 Yet, this does not mean that all regularization methods are on the same footing. If the goal is to define a theory across all energy scales, for instance, it appears somewhat conceptually inconsistent to construct the theory by first eliminating all the high energy degrees of freedom beyond some fixed scale. Similarly, if the goal is to offer a restricted description of low energy degrees of freedom, it appears somewhat conceptually inconsistent to include the contributions from arbitrarily high energy degrees of freedom when calculating low energy predictions. At the very least, some regularization methods make 24 Note the difference between active and passive transformation in both cases. An active RG transformation corresponds to a genuine change of scales (and hence to integrating out degrees of freedom in the effective case). A passive RG transformation corresponds to a conventional redefinition of energy units (in which case no degree of freedom is integrated out in the effective case).
25 In more detail, if we take d = 4 ± , we have to rescale each coupling by some power of the renormalization scale µ for dimensional consistency (e.g., replace λ by λµ ) and modify the dimension of the divergent integrals. Integrating out the extra dimension in those integrals leaves an additional damping factor in the integrand that depends on both and µ. If we ignore potential trouble in the IR, this damping factor smoothly vanishes for momenta much larger than µ with small and µ fixed (Georgi, 1992, p. 4; 1993, sec. 2.4 , provides a very helpful and concise explanation).
26 I would like to thank a referee for pressing me on this point.
these specific goals more explicit and provide a conceptually simpler and clearer way of achieving those goals. In the case of the effective approach, for instance, a deformation that eliminates all the high energy degrees of freedom appears to be more natural than a deformation that merely lowers the weight of UV contributions. For if we believe that the theory literally breaks down at high energies, we should rather avoid using those high energy degrees of freedom altogether instead misrepresenting their properties and using them to compute low energy predictions. Likewise, a sharp cut-off introduces a conceptually simple and clear classification of low energy and high energy field configurations, while a smooth cutoff makes the boundary between them somewhat fuzzier. Agreed again, both a sharp and a smooth cut-off offer a highly idealized representation of the boundary between the low energy and high energy regimes of the theory. But we do not need to take the exact form of the cut-off to be physically meaningful in order to grant that those differences between a sharp and a smooth cut-off regularization method are significant. And of course, if our primary goal is simply to compute low energy predictions, we should probably select the regularization method which allows us to achieve this goal in the simplest, most efficient and appropriate way.
RG and Renormalizability
Now, let us look at the implications of the RG for the notion of renormalizability and for the scope of the continuum approach. Before we do that, it is necessary to spend some time clarifying: (i) the notion of RG space or theory space; (ii) the notion of fixed point; and (iii) the different types of local behaviors in the vicinity of fixed points. 27 (i) Consider first the infinite set of renormalized couplings g n (Λ), including both couplings from renormalizable and non-renormalizable interactions, which can be used to define any sort of renormalized (local) QFT in four dimensions for a specific set of fields and symmetries. The infinite set of RG equations span an infinite dimensional space, the so-called "RG space", where each coupling stands for an independent coordinate and where each point in the space represents a theory defined at some energy scale Λ (see Fig. 3 ). The RG transformations of the couplings induce trajectories in this space, the so-called "RG flows", either towards the IR or the UV as we respectively decrease or increase the value of Λ. 28 (ii) Fixed points g * are defined by the points in theory space where the RG flow terminates. The fixed point is either IR or UV depending on whether the RG flow converges to the fixed point in the low energy or high energy limit. In each case, the β-function β(g * n ) of each coupling vanishes at the fixed point, which means that each coupling g n (Λ) = g * n remains constant whether the value of Λ is increased or decreased and that the theory specified by the couplings g * n is scale-invariant. It turns out that we can distinguish between two kinds of fixed points. A Gaussian fixed point g * = 0 defines a non-interacting theory, and theories converging towards a Gaussian fixed point are called "asymptotically free". A Wilson-Fisher fixed point g * = 0 defines a non-trivial scaleinvariant dynamics, and theories converging towards a Wilson-Fisher fixed point are called "asymptotically safe". As we can already anticipate, the existence of a UV fixed point indicates that the corresponding continuum theory behaves well at high energies, i.e., that the value of its couplings remains finite at high energies. 29 (iii) The infinite set of RG equations determine local topological properties of the RG flow on theory space. To see that, we need to examine first the behavior of couplings in the vicinity of a fixed point. In the simple case of a Gaussian fixed point, the perturbative RG equation for a coupling g looks like:
where γ, b and c are constants. Assuming that γ is negligible, the solution at lowest order is given by:
Three types of behaviors can be distinguished from this elementary perturbative equation, and each of them clarifies the scale-dependence of the non-renormalizable, renormalizable and super-renormalizable individual interaction terms defined in section 4 (here with the flow directed towards the IR):
(a) Super-renormalizable interaction: If ∆ > 0, the coupling g(Λ) becomes large at small scales Λ Λ 0 and negligible near the cutoff Λ Λ 0 . The coupling and the corresponding operator are said to be "relevant" at low energies.
(b) Non-renormalizable interaction: If ∆ < 0, the coupling g(Λ) becomes negligible at small scales Λ Λ 0 and large near the cut-off Λ Λ 0 . The coupling and the corresponding operator are said to be "irrelevant" at low energies.
(c) Renormalizable interaction: If ∆ = 0, dimensional analysis is ineffective. The sign of the next dominant term in Eq. 15 determines whether the coupling is "marginally" relevant or irrelevant. For instance, the (dimensionless) λ R coupling in φ 4 -theory is marginally irrelevant (see Eq. 13).
With these three properties in hand, we can specify the distinct local topological features of the RG flow in theory space (see Fig. 3 ).
29 More precisely, there are three conditions for asymptotic safety/freedom in both the IR and the UV case: (a) the vanishing of the β-function; (b) the existence of a finite-dimensional surface in the vicinity of the fixed point if we want the theory to be predictive; and (c) the existence of a well-behaved RG flow on the way to and at the fixed point. In the IR case, for instance, condition (c) obtains if sup Λ≤Λ g(Λ) < ∞ for some Λ and limΛ→0 g(Λ) = g * < ∞.
The "critical surface" is defined by the set of couplings whose trajectory ends on the fixed point and the "unstable manifold" is defined by the set of couplings whose trajectory departs from the fixed point. In general, trajectories can be extremely varied: the flow might seemingly converge toward a fixed point and quickly diverge away as it comes too close to it, or the flow might seemingly diverge away from a fixed point and suddenly converge extremely fast towards it. Some RG flows even display periodic behaviors (see Wilson, 1971, and Bulycheva and Gorsky, 2014 , for a discussion and examples of cyclic flows). In typical cases, the critical surface corresponds to the subspace spanned by the set of irrelevant couplings while the unstable surface corresponds to the subspace spanned by the set of relevant couplings, and most trajectories converge towards the fixed point and suddenly diverge away as the relevant couplings become too important (as depicted in Fig. 3) . The analysis applies both to IR and UV fixed points, and we may speak similarly of IR/UV relevant, irrelevant and marginal operators. This analysis has three important implications. 30 First, it shows that the pathological high energy behavior of non-renormalizable interactions (i.e., IR-irrelevant/UV-relevant interactions) is closely linked to the fact that they generate increasingly divergent integrals in perturbation theory. Consider for instance a scalar theory in four dimensions with one non-renormalizable interaction term g 6 φ 6 . The 6-particle physical amplitude Γ(p 1 , ..., p 6 ) is just equal to g 6 at first order. On dimensional grounds, the total amplitude Γ and any of the higher order sub-amplitudes g n 6 Γ n (n > 1) have mass dimension −2. As I briefly 30 Note that this analysis also explains why typical realistic QFTs are likely to be only approximately perturbatively renormalizable since they might contain IR irrelevant interactions that we have not detected yet (e.g., Butterfield and Bouatta, 2015; Williams, 2018) . indicated above, the amplitudes at some order n have in general the schematic form g n 6 dkk Dn−1 . On dimensional grounds, we can therefore infer from the mass dimension of g n 6 (namely, −2n) that the number D n increases with n (D n = 2n − 2), which shows that the sensitivity of non-renormalizable interactions to high energies is closely linked to the pathological perturbative behavior of the theory.
Second, the RG theory suggests a general non-perturbative characterization of renormalizability. In the continuum approach, the notion can be defined as follows (I drop the label "non-perturbative" for simplicity):
A theory is renormalizable RG iff there is some µ such that the RG flow remains on the same finite dimensional surface as the theory is rescaled toward the UV (i.e., for any µ > µ ). (mutatis mutandis for non-renormalizable RG .)
In other words, the theory is renormalizable RG if it can be expressed in terms of a finite number of independent couplings as the theory flows towards high energies and non-renormalizable RG if it is impossible to constrain the RG flow to stay on a finite subspace. If we add the additional requirement that the theory converges toward a UV fixed point g * as µ is increased, we obtain Weinberg's characterization of renormalizability as asymptotic safety (Weinberg, 1979, p. 802) . The couplings of a theory satisfying this more sophisticated criterion of renormalizability, call it renormalizability AS , remain finite at arbitrarily high energies. As we will see in section 6, this is a good sign that the predictions of the theory remain under good mathematical control at high energies. 31 Third, the RG theory implies that the scope of the continuum approach is not as restricted as initially considered. The definition of relevant, irrelevant and marginal operators by means of dimensional analysis in Eq. 16 is only valid near a fixed point. In general, this is a good rule of thumb. But it is perfectly possible that some non-perturbative effects come into play either at low or high energies. In particular, it is perfectly possible that a coupling which looks UV-relevant at low energies actually happens to be well-behaved at high energies because of fortuitous nonperturbative quantum corrections. That is, a theory can both converge towards a UV Wilson-Fisher fixed point and include non-renormalizable interactions, as some physicists expect for the quantum field theoretic approach to quantum gravity. 32 Likewise, we might attempt to tame the pathological UV behavior of a given theory by embedding it into a larger theory displaying a UV fixed point. Overall, this suggests that the continuum approach is suitable for a larger class of physically relevant theories than initially expected. Yet, there still remains a large number of theories ill-handled under this approach, namely those which fail to converge towards a UV fixed point. As we will see in the next section, 31 We can also speak of degrees of renormalizabilityAS or "approximate" renormalizabilityAS in the case of a renormalizableAS theory with additional UVrelevant interaction terms diverging at high energies if the contributions of these UV-relevant interactions are negligible compared to the contributions of the other interactions at low energies.
32 See Niedermaier and Reuter (2006) for a review of the asymptotic safety scenario.
if we take the current perturbatively renormalizable formulation of the Standard Model by itself for instance, there are very good reasons to believe that it exhibits a Landau pole singularity and therefore makes inconsistent predictions at very high energies.
6 The infinite cut-off limit and the continuum limit
The goal of this section is to distinguish between different types of QFTs on the basis of their behavior in the continuum limit. For the sake of the argument, I will assume that the theory at hand has been renormalized under the continuum approach, except that we have kept the parameter Λ 0 fixed and not yet attempted to take the limit Λ 0 → ∞. I will also assume that the analysis applies both to the perturbative and the non-perturbative case (with specific provisos when needed and with the speculative assumption that the non-perturbative notion of continuum QFT makes sense in realistic cases).
The first thing to note is that the notion of "continuum limit" is ambiguous. It may refer either to the infinite cut-off limit (Λ 0 → ∞) or to the continuum limit (µ → ∞), properly speaking. 33 Note, moreover, that the distinction is robust under different regularization methods. For instance, the infinite cut-off and continuum limits correspond respectively to → 0 and µ → +∞ for dimensional regularization. Likewise, using this terminology, taking the lattice spacing to zero in a lattice QFT amounts to taking the infinite cut-off limit, except in cases where the lattice spacing also plays the role of the renormalization scale (in which case there is only one type of limit).
Accordingly, the notion of "good behavior" in the limit should be understood in two distinct ways:
(1) The low energy predictions of the theory at µ are unaffected by taking the infinite cut-off limit Λ 0 → ∞.
(2) The theory makes consistent predictions at arbitrarily high energies (µ → ∞).
(1) corresponds to cases where the low energy physics described by the theory is sufficiently insensitive to the high energy physics described by the theory, while (2) corresponds to cases where the high energy predictions of the theory do not violate typical assumptions such as unitarity. 34 So (2) is not about empirical adequacy, properly speaking. After all, the theory might turn out to be empirically inaccurate at very high energies. But we should at least require that it makes consistent predictions, say, by making sure that the values of the couplings remain sufficiently small for unitarity to hold.
How should we discriminate between well-behaved and ill-behaved theories in the two cases then? Consider first the case of the infinite cutoff limit. Let us bracket any issue about the violation of the perturbative assumption in the case of the bare theory, and simplify the discussion by looking at the following toy-model theory L R (µ) with two renormalized couplings (g 0 and g 0 correspond to the bare couplings): The condition ∆ > 0 implies that g is super-renormalizable and g nonrenormalizable or, equivalently, that g and g are respectively relevant and irrelevant near the IR Gaussian fixed point, and irrelevant and relevant near the UV Gaussian fixed point. In general, RG equations define families of solutions parametrized by different boundary conditions and, in the present case, each solution (g(µ), g (µ)) of the two dimensional RG equation is uniquely determined by specifying a single point (g 0 (Λ 0 ), g 0 (Λ 0 )) for some Λ 0 (see Fig. 4 ). Inversely, if the value of the renormalized couplings at µ is fixed by means of experiments, we can analyze the behavior of the bare theory in the infinite cut-off limit. This toy-model is interesting because it displays two common types of behaviors. (i) g (µ) = 0 and g(µ) = 0: that is, we do not detect nonrenormalizable effects at low energies and take the liberty to fine-tune g 0 (Λ 0 ) to zero, which implies g (µ) = 0. In this case, the RG flow lies on what is called the "renormalized trajectory" (see Fig. 3 and the g(µ) axis in Fig. 4 ) and we can take the infinite cut-off limit by assuming that the relevant bare coupling appropriately vanishes at infinity (i.e., such that lim Λ 0 →∞ Λ ∆ 0 g 0 (Λ 0 ) is finite). It is therefore possible to take the infinite cut-off limit without affecting the low energy predictions of the theory.
(ii) The most likely case is that both g(µ) and g (µ) are non-zero, i.e., that the theory contains UV-relevant couplings. The toy-model indicates that the constraints we need to impose on these couplings are relatively minimal: the infinite cut-off limit leaves the low energy predictions intact with the appropriate limits g 0 (∞) = 0 and g 0 (∞) = +∞. Of course, in general, taking the limit L R (µ) = lim Λ 0 →∞ (L 0 +δL) might require some delicate fine-tuning with the bare theory; and, as already emphasized, the perturbative assumption is explicitly violated in the case of the bare theory. But, overall, the RG theory is highly permissive since it is possible to take the infinite cut-off limit (at least formally) even if the theory contains pathological UV-relevant couplings. As we will see shortly, this fails to be the case if the renormalized coupling diverges at some finite energy scale Λ M on the way to the limit.
Consider now the case of the continuum limit. RG flows towards the UV fall under four main types (e.g., Weinberg, 1996, sec. 18.3) . 35 (i) Asymptotic freedom (g * = 0) and (ii) asymptotic safety (g * = 0) are the best case scenarios. In both cases, the values of the renormalized couplings remain finite in the continuum limit, which is a good sign that the theory makes consistent predictions at high energies since the main source of violations of (perturbative) unitarity comes from arbitrarily large values of the renormalized couplings in the expression of the scattering amplitudes. Of course, in those two cases as much as in the two cases below, our confidence in the behavior of couplings across energy scales depends on the reliability of the methods used to derive their expression. Asymptotic freedom is a special case in that respect. It is firmly based on perturbation theory like many of the results usually obtained from renormalization theory. But the fact that the values of the couplings become arbitrarily small at very high energies justifies the use of perturbation theory in the first place and suggests that nonperturbative results do not spoil the asymptotic behavior of the theory (e.g., a non-perturbative contribution to a scattering amplitude depending on some factor e −1/g(µ) becomes arbitrarily negligible for µ → ∞ if lim µ→∞ g(µ) = 0).
(iii) Let me call "asymptotic UV instability" the type of limiting behavior characteristic of theories containing divergent UV-relevant interactions as µ tends to ∞ (e.g., g in the toy-model above). This case is problematic because, in general, these divergent UV-relevant interactions lead to violations of (perturbative) unitarity at high energies. These interactions even contain explicit information about the energy scale where those violations of unitarity arise. That being said, it is still possible to define the perturbative expression of the renormalized theory in the infinite cut-off limit Λ 0 → ∞ if we restrict the range of the parameter µ to low energies. Moreover, if we use a smooth regularization method, the renormalized theory still includes negligible contributions from arbitrarily high energy excitation states (compared to contributions from low energy states). Hence, even though the theory behaves badly in the continuum limit, the continuum assumption holds in this case for processes probed at sufficiently low energies.
(iv) Let me call "finite UV instability" the type of limiting behavior characteristic of theories containing a Landau pole, i.e., a finite energy scale Λ M at which at least one of the couplings g(Λ M ) diverges. As the φ 4 -theory shows, finite UV instability is the worst case scenario. The solution to the perturbative RG equation of the quartic coupling λ R (µ) is given by (cf. Eq. 13):
Given a fixed experimental value λ R (E) at the energy scale E, the coupling λ R diverges at Λ M = E exp(16π 2 /3λ R (E)). Similarly, if we evaluate the expression of the bare coupling at the scale µ = Λ 0 , the bare coupling diverges at the same finite scale Λ M . And if we do not make any low energy measurement and decide to take λ R (µ) = 0, we have to give up the initial assumption that the theory is an interacting theory. So, overall, the theory cannot be consistently defined in the infinite cut-off and continuum limits. 36 Now, the framework of the continuum approach is such that it is possible to take the infinite cut-off limit at the level of perturbative scattering amplitudes if we restrict ourselves to the first few orders in perturbation theory (see Eq. 8). However, the RG reveals that the partial perturbative relationship between the bare and the renormalized coupling obtained from the renormalization procedure is only superficially well-defined in the infinite cut-off limit: if we include the leading logarithms at higher orders in perturbation theory (as the derivation of the RG automatically does), we find a Landau pole. In sum, continuum QFTs are likely to make consistent predictions at high energies when they are known with confidence to have a fixed point. The most reliable property of QFTs that we can typically find by means of perturbative methods is asymptotic freedom. And, for the large majority of continuum QFTs, there are good reasons to believe that they are not only conceptually incoherent and physically dubious but also that they make inconsistent predictions at high energies-or, at the very least, that standard perturbative techniques cannot be used in those cases. Table 1 below summarizes the main interpretative differences between the effective and the continuum approach, including the results from section 6.
36 Of course, it might be the case that the Landau pole turns out to be an artifact of the perturbative analysis. For a discussion about the existence of a Landau pole and triviality in the case of QED, see, e.g., Gockeler et al. (1998a,b) ; Gies and Jaeckel (2004) .
Effective approach

Continuum approach
The continuum as- 
Butterfield and Bouatta on continuum QFTs
An advocate of the axiomatic approach might raise the following objection at this point: why should we take the differences between the effective and the continuum approach seriously if both fail to meet satisfying standards of mathematical rigor in the first place? And why should we attach any importance to the good behavior of asymptotically safe QFTs as opposed to finitely unstable QFTs if there is a chance that they are both mathematically inconsistent and a fortiori physically incoherent? 37 Wallace (2006, sec. 3-4; 2011, sec. 6-9) has rightly argued, I believe, that effective Lagrangian QFTs are as well-defined as any of the past theories that we usually take to be mathematically well-defined, and therefore should be considered fit for foundational and philosophical scrutiny. Butterfield and Bouatta (2014) recently extended this claim to continuum QFTs (see also Butterfield, 2014, pp. 8-9, sec. II.2-3, p. 31) . They argue that even if the path integral formulation of realistic continuum QFTs has not yet received a precise mathematical definition 37 One might see these objections as particular cases of the general objection that the conventional mathematical apparatus of QFTs is ill-defined (e.g., Halvorson, 2007, p. 731; Fraser D., 2008, p. 550; Kuhlmann, 2010; Baker, 2016, p. 5; Summers, 2016). according to the standards exhibited in the axiomatic, algebraic and constructive programs, some of these theories appear to be sufficiently mathematically well-defined according to physicists' common standards to be fit for philosophical scrutiny. Hence, by endorsing less stringent criteria of mathematical rigor, they claim, we should feel confident to draw world pictures for the heuristic formulation of some continuum QFTs. I will argue that the methodological and conceptual differences between the effective and the continuum approach discussed in sections 3-6 suggest reasons to temper Butterfield and Bouatta's claim.
Let me begin by making two friendly amendments to their discussion of continuum QFTs. (i) They contend that the contrast between theories likely to be (A) mathematically well-defined and (B) mathematically ill-defined depend, broadly speaking, "on the type of fields in the theory concerned" (Butterfield and Bouatta, 2014, p. 65) . Agreed: as Butterfield and Bouatta rightly emphasize, in four dimensions, QFTs including only non-abelian gauge fields fall under case (A) while QFTs including only scalar or fermionic fields typically fall under case (B). In general, however, the field content of a QFT does not provide a reliable guide to assess whether the QFT is mathematically well-defined or not. Examples of asymptotically free scalar and fermionic QFTs in two and three dimensions show that the mathematical well-definedness of a QFT is not simply determined by the type of its quantum field operators. 38 In contrast, the scaling behaviors of QFTs exhibited by means of RG methods offer a more systematic way of distinguishing between (A) and (B), and Butterfield and Bouatta's diagnosis somewhat obscures the remarkable fact that this criterion does not depend on the content of the theory. Agreed, the definition of a particular RG space depends on the specification of a set of couplings and therefore on the specification of a set of (local) interactions-which, in turn, depends on the specification of a set of fields (e.g., scalar, fermionic, gauge, etc.), symmetries, and a space-time dimension. However, the possible types of RG trajectories, i.e., the possible types of behaviors of theories across energy scales, do not depend on these constraints. And so what it means for a theory to be mathematically well-defined is independent of the specific QFT model considered.
(ii) Butterfield and Bouatta's classification of QFTs under (A) and (B) is also incomplete. They argue that we should group asymptotically free, safe and conformal theories under (A) and theories presenting a Landau pole under (B). Agreed, this provides a good rule of thumb for the high energy limit of continuum theories; and, for the perturbative theories we have so far, there are, in general, good reasons to expect that Landau poles in the IR ("infrared slavery") are perturbative artifacts, as it seems for perturbative QCD. However, it is worth being more systematic here since the non-perturbative definition of a theory might display, say, a Landau pole in the IR and asymptotic freedom in the UV. I distinguished in section 6 between (a) finite instability (i.e., existence of a Landau pole), (b) asymptotic instability (i.e., asymptotically divergent couplings), (c) asymptotic freedom (i.e., convergence to a zero fixed point), and (d) asymptotic safety (i.e., convergence to a non-zero fixed point), to which we might add the two additional cases of (e) non-convergent cyclic scaling behavior (i.e., non-convergent oscillating couplings) and (f) scale-invariant theories (i.e., theories defined at a fixed point). It is perfectly possible that the non-perturbative definition of a theory displays two properties out of the five (a)-(e).
We should therefore only include under (A) theories defined by a continuous RG flow between two distinct fixed points and theories defined at a fixed point (ignoring (e)). The first class of theories corresponds to the class of IR/UV asymptotically safe/free theories, i.e., theories that continuously connect two conformal theories in the RG space. 39 For instance, the RG equation µdg/dµ = Ag − Bg 2 for some coupling g with A, B > 0 describes the behavior of a theory asymptotically free in the IR (flowing towards the fixed point g * = 0) and asymptotically safe in the UV (flowing towards the fixed point g * = A/B). The second class of theories corresponds to the class of scale-invariant theories (i.e., dg/dµ = 0). Although this has not been proven for models in dimension d > 2, these scale-invariant theories can typically be formulated as conformal field theories (CFTs). 40 Moreover, since our confidence in the existence of the properties (c), (d) and (f) is usually based on perturbative methods (as Butterfield and Bouatta rightly recognize), we should add the further constraint g * 1 for perturbation theory to be reliable. 41 Let us now turn to Butterfield and Bouatta's claim that some continuum QFTs are ripe for metaphysical inquiry. At least as I understand them, Butterfield and Bouatta's claim relies on two key ideas. First, physics exhibits various standards of mathematical well-definedness and mathematical existence, and the heuristic standard commonly used in physics' practice provides a perfectly reasonable standard for interpretative purposes. In the context of QFT, the heuristic standard requires the theory to have a finite UV scaling behavior. By contrast, a theory is mathematically well-defined according to the axiomatic standard if it is axiomatizable and has a consistent model (Butterfield and Bouatta, 2014, p. 69) . Second, the current perturbative formulation of some realistic continuum Lagrangian QFTs displays a UV fixed point and therefore satisfies the heuristic standard. QCD is one such example. Of course, the finite behavior of the theory at high energies does not mean that the functional integral resulting from the path integral quantization of the classical Lagrangian density is mathematically well-defined according to more stringent criteria of rigor. But the lack of a mathematically well-defined formulation should not prevent us from interpreting the heuristic formulation of our best continuum QFTs (Butterfield, 2014, p. 15) . I take it that when Butterfield and Bouatta speak of the "heuristic" formulation of QFTs (Butterfield and Bouatta, 2014, p. 64, p. 68; Butterfield, 2014, p. 15) , they refer to the current perturbative formulation that we have of these theories. And by 'perturbative formulation' I mean the formal expression of the path integral and the perturbative expression of the renormalized action and Lagrangian together with the set of perturbative techniques used to compute correlation functions. Now, even if we accept to endorse less stringent criteria of mathematical rigor and philosophically assess the heuristic formulation of some continuum QFTs, it does not mean that we are warranted in attempting to draw "ontological claims" or "world-pictures" for these continuum QFTs (e.g., Butterfield and Bouatta, 2014, p. 68) . It was central to the argument of section 3 that the structure of a physical theory does not only need to be under good mathematical control but also needs to make physical sense. Even if a QFT has a finite behavior at all energy scales, it is no indication that the theory has a physically coherent interpretation. Agreed, we do not need to demand that all the component parts of the theory make physical sense in order to dive into the metaphysical interpretation of a theory. But we should at least require that the core component parts of the theory do. Section 3 suggests that the perturbative formulation of our best continuum QFTs does not even meet this requirement in contrast to effective QFTs.
The argument goes as follows. To simplify the discussion and as already emphasized, I will follow Butterfield's usage of the term 'theory' in its specific sense and identify the perturbative formulation of a QFT with the perturbative formulation of its Lagrangian (Butterfield, 2014, p. 31) . Then, we may either interpret the renormalized Lagrangian or the bare Lagrangian (or both) in order to extract dynamical information. Consider first the renormalized Lagrangian. However we construct it, the renormalized Lagrangian together with the standard rules for deriving amplitudes yields divergent quantities if we do not restrict the state space of the theory. Hence, if the goal is to interpret empirically successful theories, we have no reason to even attempt to draw a world picture out of the renormalized theory or to take the renormalized Lagrangian to give us reliable dynamical information about the target system. At the very least, we should show some degree of caution.
Let us look at the bare Lagrangian. In the least naive perturbative construction of a renormalized continuum QFT, we start with some initial bare Lagrangian with the "wrong" parameters and we split it into a physical Lagrangian and a counter-term Lagrangian. The split is made in such a way that the counter-terms cancel the original divergences in the scattering amplitudes derived from the bare Lagrangian. And, by re-expressing the parameters of the bare Lagrangian, we find that the original bare amplitude is actually finite. The problem, however, is that the parameters of the bare Lagrangian diverge in the infinite cut-off limit. We precisely use the freedom that we have in defining the original bare parameters to absorb the UV divergences that we find in the original perturbative expansion. So, at least at this level, the original expression of the bare theory makes little physical sense. How about the "true" bare theory, i.e., the theory defined by the renormalized parameters evaluated at the cut-off Λ 0 (see section 3.2)? As already emphasized in section 3.3, there are concrete examples of theories where these bare parameters converge to a finite value in the infinite cut-off limit. However, if we choose to identify the bare parameters in this way, the resulting bare Lagrangian yields, once again, divergent predictions. Finite amplitudes are always derived from the theory which has the "wrong" parameters, as it were, since we always need to reexpress the original couplings of the divergent amplitudes in order to absorb the divergences. And so whether we look at the renormalized or the bare Lagrangian, it does not appear that we can justifiably draw a world picture out of the perturbative formulation of a continuum QFT constructed under the continuum approach.
Conclusion
The aim of this paper has been twofold: (i) to propose a general conceptual framework to understand the various aspects of renormalization theory based on the distinction between effective and continuum QFTs; and (ii) to show that the effective approach to renormalization offers a more physically perspicuous, conceptually coherent and widely applicable way to construct perturbative QFTs in comparison to the continuum approach. The oddities of the continuum approach are best illustrated by the absence of physical justification for the introduction of counterterms, the instrumental status of the bare theory, and the fact that, strictly speaking, the renormalized theory yields divergent amplitudes if we do not restrict the state space of the theory. Evaluating the limiting behavior of continuum QFTs also provides important conceptual and classificatory insights into the scope of the continuum approach: only asymptotically safe and free theories are likely to make consistent predictions at high energies in contrast to asymptotically and finitely unstable theories. In comparison, the effective approach is applicable to any local QFT model (as far as I am aware). The paper concluded with some lessons for the debate over the interpretation of QFTs in response to Butterfield and Bouatta's paper (2014) : the distinction between the effective and the continuum approach gives reasons to doubt that perturbative continuum QFTs are yet ripe for metaphysical analysis.
